The microstructure of multiphase steels assisted by transformation-induced plasticity consists of grains of retained austenite embedded in a ferrite-based matrix. Upon mechanical loading, retained austenite may transform into martensite, as a result of which plastic deformations are induced in the surrounding phases, i.e., the ferrite-based matrix and the untransformed austenite. In the present work, a crystallographically based model is developed to describe the elastoplastic transformation process in the austenitic region. The model is formulated within a large-deformation framework where the transformation kinematics is connected to the crystallographic theory of martensitic transformations. The effective elastic stiffness accounts for anisotropy arising from crystallographic orientations as well as for dilation effects due to the transformation. The transformation model is coupled to a single-crystal plasticity model for a face-centered cubic lattice to quantify the plastic deformations in the untransformed austenite. The driving forces for transformation and plasticity are derived from thermodynamical principles and include lower-length-scale contributions from surface and defect energies associated to, respectively, habit planes and dislocations. In order to demonstrate the essential features of the model, simulations are carried out for austenitic single crystals subjected to basic loading modes. To describe the elastoplastic response of the ferritic matrix in a multiphase steel, a crystal plasticity model for a body-centered cubic lattice is adopted. This model includes the effect of nonglide stresses in order to reproduce the asymmetry of slips in the twinning and antitwinning directions that characterizes the behavior of this type of lattices. The models for austenite and ferrite are combined to simulate the microstructural behavior of a multiphase steel. The results of the simulations show the relevance of including plastic deformations in the austenite in order to predict a more realistic evolution of the transformation process.
Introduction
Low-alloyed, multiphase carbon steels assisted by the mechanism of transformation-induced plasticity (known as TRIP steels) show a good combination of strength and ductility characteristics in comparison to conventional carbon steels. This class of advanced high-strength steels has a microstructure composed of ferrite, bainite (which is a composition of ferrite and cementite), and crucially for the TRIP mechanism, a dispersion of grains of retained austenite that have been preserved when the material is brought to room temperature during thermal processing (see, e.g., [18, 19, 27] ). Although the austenitic phase is metastable at room temperature, it may transform into martensite when subjected to subsequent mechanical and/or thermal loading. The irreversible, displacive phase transformation of austenite into martensite is characterized by a crystallographic rearrangement that produces a shear deformation with respect to the habit plane (austenite-martensite interface) as well as an expansion normal to the habit plane. To accommodate this transformation, plastic deformations may develop in surrounding parts of the austenitic grain that have not (yet) transformed, as well as in the neighboring ferritic (or bainitic) grains. The rate of transformation of austenite to martensite and the amount of plasticity generated in the untransformed austenitic regions and/or the ferritic matrix depend on the resistances to plastic slip and transformation. For higher local carbon concentrations in the austenite (e.g., > 1.4 wt.%), the pinning of dislocations by interstitial carbon atoms will occur more frequently, which causes a substantial increase in the yield strength of the austenite. Under these circumstances most of the plastic deformation induced by the martensitic transformation will occur in the relatively soft ferritic phase [12] . However, a high carbon concentration may also increase the resistance to transformation, hence plastic deformations may occur in the austenitic phase despite a high yield strength [17] .
In the past decades, various constitutive models have been proposed to elucidate the complex interactive mechanisms that occur in steels assisted by transformation-induced plasticity; see e.g., [4, 10, 11, 16, 21, 22, 26] . In most cases, the models are developed within a small-strain, isotropic elastoplasticity framework. However, this assumption may lead to inaccurate predictions, particularly for simulations at smaller length-scales (e.g., at the single-crystal level), where the effect of anisotropy due to crystallographic orientations cannot be neglected. Moreover, martensitic transformations locally can induce large elastoplastic deformations (including a rigid-body rotation) in the neighboring phases, even if the macroscopic deformation is relatively small. The purpose of the present contribution is twofold: (1) the development of crystallographically based anisotropic thermomechanical continuum models for the different phases in multiphase steels, and (2) the study of the influence of plastic deformations in the austenitic phase on the overall TRIP mechanism. The models are intended to describe the response of each phase under externally applied mechanical loading at the level of individual single-crystal grains and, consequently, provide a detailed insight into the influence of the microstructure on the overall response. For simplicity, only models for the austeniticmartensitic and ferritic phases are developed, while the other phases in the microstructure (i.e., bainite and thermal martensite) are not modeled explicitly; rather, they are implicitly lumped into the response of a ferrite-based matrix since ferrite is the dominant phase. The models for austenite-martensite and for ferrite are subsequently used in finite-element calculations of an aggregate of grains to simulate the microstructural response in a multiphase carbon steel. The model for austenite-martensite includes elastic, plastic, and transformation mechanisms and is an extension of the multiscale martensitic transformation model of Turteltaub and Suiker [28, 30, 31] . In that phase transformation model, the effective transformation kinematics and the effective elastic stiffness are derived from lower-scale information that follows from the crystallographic theory of martensitic transformations [1, 3, 14, 33] . In the present contribution, this transformation model is coupled to a single-crystal plasticity model that describes the plastic slip in the face-centered cubic (FCC) austenitic phase. The coupling is done within a large-deformation framework and the criteria for transformation and plastic deformation are based on a thermodynamically consistent approach. For the ferritic phase, a single-crystal plasticity model is developed to simulate the elastoplastic behavior of body-centered cubic (BCC) crystalline structures. The BCC crystal plasticity model includes the so-called nonglide stress that accounts for the spatial spreading of the core of screw dislocations in BCC crystals [2, 32] .
The article is organized as follows: the elastoplastic transformation model for austenitic single crystals is derived in Sect. 2. Simulations with elementary loading conditions are presented in Sect. 3 in order to illustrate some important features of the model for austenite single crystals. In Sect. 4, simulations of multiphase TRIP steel microstructures are discussed. Some closing remarks are provided in Sect. 5. The mathematical notation used in the present article is similar to that adopted in previous works; see [28, 30, 31] for more details. In this section, a constitutive model that describes the elastoplastic transformation behavior of single-crystal austenite is developed from thermomechanical considerations. For the derivation of the constitutive model, the multiscale phase-transformation model developed previously by Turteltaub and Suiker [28, 30, 31 ] is adopted, which describes the transformation of austenite to martensite ignoring the effect of plasticity in the austenite. This model is thus intended for modeling the constitutive behavior of multiphase carbon steels and for shape-memory alloys where the generation of plasticity in the austenite does not play a significant role. The crystallographic input for the multiscale model follows from the theory of martensitic transformations [1, 33] . For the transformation of FCC austenite to BCT martensite, the theory of martensitic transformations provides the habit plane vectors as well as the orientations of the martensitic twin variants for each of the 24 possible transformation systems. This information is used in an averaging scheme to simulate the effective elastic stiffness and the transformation evolution at the grain level. For simplicity reasons, compatibility requirements between the individual twin variants (see, e.g. [13, 20] ) are, however, not accounted for in this averaging scheme. In the thermomechanical framework presented in this section, the transformation model presented in [28, 30, 31] is integrated with a crystal plasticity model for FCC metals to account for the development of plastic deformations in the austenitic parent phase.
Kinematics
The kinematic description of the elastoplastic transformation deformation inside a single-crystal grain of austenite is formulated within the finite-deformation theory, where the total deformation gradient F is multiplicatively decomposed as
where F e , F p , and F tr are the effective elastic, plastic, and transformation contributions to the total deformation gradient, respectively. This decomposition of the deformation relates to the four configurations depicted in Fig. 1 , i.e., the undeformed reference configuration, two (stress-free) intermediate configurations, and the current configuration. The reference configuration is chosen to coincide with a stress-free, fully austenitic state. A detailed multiscale analysis is outside of the scope of the present work; it is assumed that lower-lengthscale elastic, plastic, and transformation deformations are captured in an average sense by the corresponding deformation tensor in the decomposition (1) . It is noted that the order of the decomposition in general does not correspond to the actual deformation sequence in subdomains of a material point (which is determined by the actual loading path). For the kinematic description of transformation, lower-length-scale contributions are included through crystallographic information derived from the theory of martensitic transformations [1, 33] , averaged in a representative volume element centered at a material point. The effective transformation deformation gradient is given by the sum of the transformation deformation gradients over all active martensitic transformation systems at a given material point, in accordance with [31] 
where I is the identity tensor, ξ (α) =ξ (α) (x, t) represents the volume fraction of a transformation system α (measured in a volume element in the reference configuration centered at x at time t), M (=24) is the total number of transformation systems, b (α) is the shape strain vector at the habit plane of transformation system α, and d (α) is the vector normal to the habit plane. The vectors b (α) and d (α) , which can be obtained from the theory of martensitic transformations [1, 33] , are assumed to remain constant in the reference configuration throughout the deformation (hence, the present model does not include phenomena such as detwinning). The martensitic volume fractions (at each material point and for all times) must satisfy the following constraints:
where ξ A denotes the volume fraction of the austenite. Since the vectors b (α) and d (α) are assumed to be time independent, the material time derivative of the transformation deformation gradient follows from (2) aṡ
In carbon steels, the martensitic phase is relatively brittle with low dislocation activity, presumably due to the high levels of interstitial carbon that prevent plastic slip. Consequently, it is assumed that plastic deformations only evolve in the austenitic phase and not in the martensitic phase. Hence, the plastic deformation gradient F p reflects the accumulated plastic deformation in the austenite, as well as the plastic deformation that the martensitic product phase inherits from the austenitic parent phase. The evolution of the plastic deformation is described by the effective plastic velocity gradient L p , which is measured in the second intermediate configuration and is related to the plastic deformation gradient as
To reflect the considerations described above, the effective plastic velocity gradient L p in a volume element is expressed as a weighted value of the effective plastic velocity gradient of the austenitic phase L pA (measured in the second intermediate configuration) as
where the weighting factor is taken as the volume fraction of austeniteξ A in the second intermediate configuration. A formal relation between the volume fraction of the austenite measured in the second and reference configurations can be obtained assuming that the austenitic subdomains are connected through the effective deformation gradient F p F tr , i.e.,ξ
with J p = det F p and J tr = det F tr and where the second relation was derived based on an isochoric plastic deformation, i.e., J p = 1.
In accordance with crystal plasticity theory, the plastic velocity gradient of the austenite can be expressed in terms of the sum of slip rates in all possible slip systems i,
where m (i) A and n (i) A are, respectively, the unit vectors parallel to the slip direction and normal to the slip plane for slip system i (measured in the second intermediate configuration and assumed to be unchanged from the reference configuration),γ
(i)
A reflects the slip rate of slip system i, and N (=24) is the total number of slip systems in the FCC austenite. Combining (6), (7) and (8) , the effective plastic velocity gradient in the second intermediate configuration can be expressed as
whereγ (i) may be interpreted as the "effective" plastic slip rate of the austenitic slip system i, given bẏ
Entropy
In thermomechanical processes, the entropy and temperature may be viewed as the thermal analogues of deformation and stress, respectively [6, 31] . Hence, in analogy to the triple decomposition (1) of the total deformation gradient, the total entropy density per unit mass, η, is decomposed as
where η e represents the conservative (reversible) part of the entropy density, and η p and η tr are the entropy densities related to plasticity and phase transformation processes, respectively. The expression for the transformation entropy density η tr is taken to be (see [31] )
where λ (α) T defines the transformation latent heat at the transformation temperature θ T , which is the heat (per unit mass) required to transform austenite to a martensitic transformation system α at θ = θ T . The transformation temperature θ T is introduced as a (theoretical) temperature at which austenite can homogeneously transform into a specific martensitic transformation system α, at zero stress, without dissipation, and in the absence of an internal energy barrier. Observe in (12) that the value of θ T is assumed to be the same for all transformation systems α. From (12) , the rate of change of the transformation entropy density η tr can be simply obtained aṡ
In addition, the effective plastic entropy density rate,η p , may be connected to the plastic entropy density rate in the austenite,η pA viaη p = ξ AηpA .
This formulation is in correspondence with the absence of growth of plastic deformations in the martensite, which implies that the plastic entropy rate in that phase is zero. Hence, (14) essentially reflects a weighted average of the entropy rates, and is analogous to expression (6) for the effective plastic velocity gradient. Similar to the entropy decomposition in the isotropic plasticity model of Simo and Miehe [25] , the plastic entropy rate in the austeniteη pA is assumed to be dependent of the plastic deformation rate in that phase. Accordingly, the following relation is proposed:
where φ (i)
A measures the entropy related to plastic slip in system i. Note that the expression above is of a similar form to the kinematic relation (8) . Substituting (15) into (14) giveṡ
where the right part of the expression has been computed with the use of (10).
Thermodynamical relations
To obtain the thermodynamical relations for a material point experiencing phase transformation and plasticity effects, the procedure developed by Coleman and Noll [8] is used. In this procedure, the derivation and identification of the driving forces and the corresponding fluxes for transformation and plasticity are performed within a framework that is similar to that of the simpler case of transformation without plasticity; see [31] . Let D be the dissipation per unit volume in the reference configuration, given by
where ρ 0 is the mass density,˙ is the rate of the internal energy density, P is the first Piola-Kirchhoff stress, F is the rate of the deformation gradient, θ is the temperature, and Φ is the entropy flux, which are all related to the reference configuration. Using the kinematic relations (1), (4), (5) , and (9), and applying the chain rule to construct the time derivative of the total deformation gradient F , the internal mechanical power in (17) can be expressed as
where τ (i) p and τ (α) tr are referred to as the resolved stresses on plastic slip system i and transformation system α, respectively. The resolved stress for plastic slip (i.e., the Schmid stress) has the form
while the resolved stress for transformation reads τ (α)
Invoking (11), (13) , and (16), the internal thermal power ρ 0 θη appearing in (17) can be elaborated as
where ζ tr , respectively, given by
As a next step, the internal energy density rate˙ in (17) needs to be determined, which requires a specification of the relevant state variables connected to constitutive models. The internal energy in the present model is decomposed into various mechanical and thermal contributions. As shown in subsequent sections, the bulk strain and thermal energies can be characterized by the elastic deformation gradient F e , the conservative entropy η e , and the volume fractions of martensite ξ (α) , where henceforth the latter parameters are collected in the vector ξ := {ξ (α) , α = 1, . . . , M}. Furthermore, a strain energy related to interfaces will be specified in terms of ξ and a lower-length-scale strain energy associated to dislocations will be expressed in terms of a scalar microstrain β. Correspondingly, the internal energy density ε is given by a functionε of the state variables F e , η e , β, and ξ . In addition, in accordance with the procedure of Coleman and Noll [8] , it is momentarily assumed thatε also depends on the fluxesβ,ξ , and Φ, i.e., ε =ε(F e , η e , β, ξ ;β,ξ , Φ) .
Observe that the volume fraction of austenite ξ A is not used as an independent state variable since it is related to ξ via (3) 3 . Combining (18), (21) , and (23) with (17) leads to the following expression for the dissipation:
The second law of thermodynamics requires that the local entropy rate should be non-negative, ≥ 0, in any thermomechanical process, which is in correspondence with a non-negative energy dissipation, D = θ ≥ 0 since the temperature θ is positive. Furthermore, the terms in (24) that are multiplied by the ratesḞ e ,η e ,β, ξ , andΦ must vanish since otherwise a process can be specified for which the dissipation is negative. These requirements result in
and that the internal energy density ε does not depend on the fluxesβ,ξ , and Φ, i.e, ε =ε(F e , η e , β, ξ ).
In anticipation of a constitutive model for hardening (given in Sect. 2.5) and to simplify the presentation, the rate of change of the microstrain,β, is taken to depend linearly on the rate of change of the effective plastic slips,γ (i) , i.e.,β
where, as will be shown in Sect. 2.5, the functions w (i) depend nonlinearly on the slip resistance. In view of (25) and (26) , the remaining nonzero terms in the dissipation expression (24) can be formally written as D = D tr + D p + D q , where D tr , D p , and D q are the dissipations due to phase transformation, plastic deformation, and heat conduction, respectively, as given by
Here, f (α) and g (i) are the driving forces for transformation and plasticity, respectively, in accordance with
In the present study, it is assumed that the dissipation inequality D = D tr + D p + D q ≥ 0 holds for the plasticity, transformation, and heat conduction processes independently, i.e.,
For further elaborations it is convenient to use the Helmholtz energy density ψ instead of the internal energy ε. Assuming a one-to-one relation between the temperature and the conservative entropy, the Helmholtz energy density can be derived from the internal energy density using the following Legendre transformation:
in which, for generality, η e is assumed to be a function of all state variables, η e =η e (F e , θ, β, ξ ). From the requirement of material frame indifference, the elastic deformation gradient F e cannot be arbitrarily used as a state variable in the Helmholtz (or the internal) energy density; instead, an elastic strain measure based purely on the stretch part of deformation must be used. For this purpose, the elastic Green-Lagrange strain E e = 1 2 (F T e F e − I ) is introduced. With this deformation measure, an alternative formψ of the Helmholtz energy density function is considered, such that
The work-conjugated stress measure associated to E e is the second Piola-Kirchhoff stress S in the second intermediate configuration, which is related (by definition) to the first Piola-Kirchhoff stress P as
Taking derivatives with respect to F e and η e in (30) and (31), together with applying the chain rule in the expression for E e , and further using (25) and (32), it can be shown that the pairs S and E e , and η e and θ are related as follows:
where ρ 2 = ρ 0 /J tr (with J tr = det F tr ) denotes the mass density in the second intermediate configuration.
Furthermore, taking the partial derivatives ofψ with respect to ξ and β and using (25) 2 and (33) 2 , it can also be shown that the expressions (28) for the driving forces for transformation f (α) and plasticity g (i) can alternatively be written as
Specification of the Helmholtz energy density
A specific form of the Helmholtz energyψ(E e , θ, β, ξ ) can be constructed as an extension of the form proposed in [30, 31] by incorporating the contribution of the defect energy related to dislocations. Consequently, the Helmholtz energy is assumed to have the following form:
whereψ m is the bulk elastic strain energy,ψ th is the thermal energy,ψ s is a surface energy term, andψ d is the defect energy related to dislocations. The specific forms of the bulk strain energy and thermal energy in (35) are as follows:ψ
where C = C(ξ ) is the effective fourth-order elasticity tensor and h = h(ξ ) is the effective specific heat capacity per unit mass. The elasticity tensor C(ξ ) and the specific heat h(ξ ) reflect that the properties of a material point evolve with the martensitic volume fractions ξ . The parameter η T is the conservative entropy measured at the transformation temperature θ T . The energy densitiesψ m andψ th are constructed, respectively, from the following mechanical constitutive relation between the second Piola-Kirchhoff stress in the second intermediate configuration and the elastic Green-Lagrange strain, and the thermal constitutive relation between the conservative entropy η e and the temperature θ :
The specific forms of the effective elastic stiffness tensor and the effective specific heat are adopted from Turteltaub and Suiker [31] , i.e.,
In the above equation, C A is the stiffness tensor of the FCC austenite, which is determined by three independent elastic coefficients κ A j , with j ∈ {1, 2, 3}. The stiffness tensor C (α) refers to twinned martensite (transformation system α), which depends on six independent elastic coefficients, κ M j , with j ∈ {1, 2, . . . 6} as well as on the proportions and orientations of two twin-related BCT martensitic variants, which can be obtained from the theory of martensitic transformations [1, 33] . In addition, the parameter δ T in (39) measures the volumetric growth associated to each transformation system α, in accordance with δ T = b (α) · d (α) , which is identical for all martensitic system α = 1, . . . , M. Further, the coefficient h A reflects the specific heat of the austenite and h (α) is the specific heat of the martensitic transformation system α.
The surface energy densityψ s is related to the local deformation field required to maintain a coherent interface between the austenitic parent phase and the martensitic product phase, and is described by means of the phenomenological model proposed by Turteltaub and Suiker [30, 31] , i.e.,
where χ is an interface energy per unit area and l 0 is a length-scale parameter representing the volume-to-surface ratio of a circular platelet of martensite within a spherical grain of austenite. In addition to the bulk elastic strain energy density, a lower-scale elastic strain energy density is introduced that accounts for the elastic distortion of the lattice due to the presence of dislocations, i.e., the defect energy.
Since in the present model the kinetics of dislocations is not resolved explicitly, a simple isotropic phenomenological model commonly used in the materials science literature is adopted to account for the elastic energy generated by dislocations [15] . In accordance with this model, the elastic energy associated to a single dislocation is given by 1 2 ωµb 2 , where µ is an equivalent (isotropic) shear modulus, b is the magnitude of the Burger's vector, and ω is a dimensionless scaling factor. An expression for the defect energy in a volume element can be obtained as 1 2 ω A µb 2 ρ d , where ρ d is a measure of the total dislocation line length per unit volume in the second intermediate configuration and ω A is a scaling factor for the strain energy of an assembly of dislocations. For notational convenience, it is useful to introduce a strain-like internal variable β := b √ ρ d . Hence, in analogy to the bulk strain energy density (36), which depends quadratically on the elastic deformation measure E e , the microstrain energy density depends quadratically on β, i.e.,
Similar to the effective elasticity tensor given by (39), the effective equivalent shear modulus µ = µ(ξ ) is expressed as
where µ A and µ (α) are the equivalent isotropic shear moduli of the austenite and the martensitic transformation system α, respectively. The moduli µ A and µ (α) are determined from the anisotropic elasticity tensors C A and C (α) following the procedure outlined in [30] . Accordingly, in the present study, the shear moduli µ (α) are taken the same for all transformation systems, i.e., µ (α) = µ M for all α = 1, . . . , M.
It is noted that the thermal energy (37) contains terms that do not contribute to the conservative part of the entropy but that are chosen such that the transformation driving force f (α) is consistent with the definition of the transformation temperature θ T . Under the condition of a dissipation-free process, the driving force should be zero, f (α) = 0, sinceξ (α) > 0 during transformation. For a transformation process taking place at zero driving force there is indeed no internal energy barrier that resists the transformation. If, in addition, the surface energy and defect energy contributions to the transformation vanish (i.e., χ → 0 in (40) and β = 0 in (41)), the transformation occurs in a homogeneous fashion. When it is further required that the stress remains zero, this means that its evolution is completely driven by the thermal energy (37). Hence, in the theoretical limit of a homogeneous, dissipation-free transformation process at zero stress, the driving force at the transformation temperature θ T must satisfy the condition
for all α = 1, . . . , M. Note that the zero-stress condition is reflected in (43) by E e = 0. Although it is not demonstrated in detail, the above condition is indeed satisfied using the expression for the driving force presented in next section.
Driving forces, nucleation criteria, kinetic laws, and evolution of microstrain
In this section, the driving forces, nucleation criteria, and kinetic laws for the martensitic transformation process and the plastic deformation process are formulated. The driving forces for transformation and plasticity are given by (34) 1,2 , and can be further elaborated by substituting the specific form for the Helmholtz energy, (35), which together with (19), (20) , (22) , and (32) leads to
where the mechanical bulk contribution, the thermal contribution, the surface energy contribution, and the defect energy contribution to the transformation driving force f (α) are given, respectively, by
In addition, the mechanical bulk contribution, the thermal contribution, and the defect energy contribution to the driving force for plasticity g (i) read, respectively,
If the transformation driving force f (α) exceeds a critical value f
cr , the transformation process in system α is activated and the growth rate of the volume fraction,ξ (α) , is related to the driving force for transformation f (α) through the following kinetic relation (see also [28] [29] [30] [31] ):
whereξ 0 is the maximum value of the transformation rate and ν is a dimensionless, viscosity-like parameter. Essentially, the critical value f
cr comprises all energy contributions to the transformation kinetics that are not specified in the driving force f (α) .
The plasticity driving force g (i) relates to a microscale representative volume that contains both austenite and martensite. Nonetheless, since it is assumed that the martensite does not experience plastic deformations, it is natural to describe the evolution of plastic slip by means of a driving force (and an energetically conjugated internal variable) that relates to the subvolume occupied only by austenite. For this purpose, expression (27) 2 for the plastic dissipation is revisited, and reformulated in terms of a plastic driving force g (i) A and a plastic slip rateγ (i) A that correspond to the austenitic microscale volume, i.e.,
Essentially, the right part of this expression includes the plastic dissipation N i=1 g
A , measured per unit austenite volume in the reference configuration, which is multiplied by the austenite volume fraction ξ A in the reference configuration to construct the "effective" plastic dissipation D p , measured per unit total volume in the reference configuration. Inserting the kinematic expression (10) into (48) leads to the following expression for the plasticity driving force g (i) A of slip system i:
where g (i) is given by (44) 2 . The occurrence of plastic slip is evaluated by comparing the plasticity driving force g
A in (49) to the resistance against plastic slip, s
A . The evolution of the slip resistanceṡ
(i)
A is computed with the hardening model of Peirce et al. [24] aṡ
where H
is a matrix containing the hardening moduli of the austenite (with the diagonal terms referring to self-hardening and the off-diagonal terms referring to cross-hardening), i.e.,
Here, q A is the latent hardening ratio, which reflects the ratio between cross-and self-hardening, and k ( j)
A is the single-slip hardening modulus of slip system j. The initial values for s (i) A are given by s A (t = 0) = s A,0 (i.e., they are taken identical for all slip systems). The evolution of the single-slip hardening modulus is supposed to follow a power law, as proposed by Brown et al. [5] :
where k A 0 is a reference hardening modulus, s A ∞ is the hardening saturation value, and u A is the hardening exponent.
Plastic slip occurs when the driving force exceeds the critical resistance against slip, i.e., g
A . The evolution of plastic slip is simulated through a rate-dependent formulation [9, 23] , i.e.,
whereγ A 0 and n A are the reference slip rate and the rate-sensitivity exponent, respectively. Note that the kinetic relation (53) always leads toγ (i) A ≥ 0, so that positive and negative senses of slip need to be accounted for separately. Asγ A 0 → ∞ and/or n A → 0, the kinetic relation (53) reduces to a rate-independent model. To complete the formulation of the model, a constitutive relation for the evolution of the microstrain variable β and the specification of the functions w (i) in (26) are required. Since it is assumed that new dislocations are only generated in the austenitic region, the effective microscopic strain rateβ in a volume element can be expressed, in analogy to (6) , asβ
where the weighting factorξ A is the volume fraction of austenite in the second intermediate configuration anḋ β A is the time derivative of β in the austenitic region. Note that the second relation in (54) has been constructed using (7) . In line with the model proposed by Clayton [7] , the state variable β A is constitutively related to the average slip resistance s (i)
A via the rate equation
where µ A is the equivalent isotropic shear modulus of the austenite and c A is a scaling factor that accounts for dislocation interactions. The assumption of isotropy in the constitutive relation (55) may be somewhat strong, but is made here for simplicity reasons. Combining (50), (54), and (55) with (10), the effective microscopic elastic strain rate in the austenite can be formulated aṡ
which, in view of (26) , indicates that the functions w (i) appearing in (46) 3 , can be expressed as
In summary, Eqs. (44), (45), and (46) are used to compute the driving forces for transformation and plasticity and the relations (47), (53) and (56), together with the activation criteria and the hardening relations, allow one to determine the evolution of the volume fractions of martensite, the plastic slips, and the microstrain.
Stress-strain response of single-crystal austenite
In order to illustrate the basic features of the elastoplastic transformation model, in this section the mechanical response of a single crystal of austenite is studied numerically for several elementary loading cases. In order to solve the nonlinear, coupled evolution equations, a robust, fully implicit algorithm was implemented in a finiteelement code, in an analogous fashion to the numerical formulation presented in [28] for a phase-transformation model without the effect of plasticity in the austenite. In these analyses, three different crystallographic orientations are considered that, in terms of Euler angles that follow a so-called "323" rotation sequence about the global axes, are: 
Model parameters for austenite and martensite
The simulations are carried out under isothermal conditions at an ambient temperature of θ = 300 K. The density of the austenite in the reference configuration is assumed to be equal to the characteristic density of a carbon steel, ρ 0 =7,800 kg/m 3 . The material parameters and initial values used in the simulations are listed in Table 1 . These parameters are representative of the high-carbon retained austenite present in multiphase carbon steels. The carbon concentration in the austenite is taken as 1.4 wt.%, which is in close correspondence with the values measured experimentally in various high-strength TRIP steels [17, 27] . The vectors b (α) and m (α) of the 24 martensitic transformation systems, which appear in (4) list of the b (α) and m (α) vectors can be found in previous works [28, 30, 31] . Background information about the calibration of the material parameters for the elastic, transformation, and surface energies can be found in [30] . Although the procedure used to estimate the elastic stiffnesses for the austenite and the martensite shown in Table 1 is similar to that used in [30] , the values presented here are somewhat different from those reported in [30] . This difference stems from a reinterpretation of the carbon content, i.e., the values in [30] were calibrated using experimental data from [12] , which relate to a carbon concentration of 0.92 wt.% instead of 1.4 wt.%. Similarly, the values indicated in Table 1 of the thermal driving force f (α) th at 300 K and the critical value f cr used in the transformation kinetic law were obtained using the same approach as in [30] but with a different extrapolation in terms of the carbon content. In particular, these quantities were obtained with an estimated value for the latent heat at the transformation temperature of λ T = −67 kJ/kg and a martensite start temperature M s = 257 K (see [30] ). The vectors m (i)
A and n (i)
A of the 24 slip systems of FCC austenite, which appear in (9), relate to the family of {111} planes with slip occurring in the 110 directions. Since metastable retained austenite in a multiphase carbon steel cannot be produced separately from its ferritic matrix, it is difficult to obtain experimental data to characterize the plastic behavior of the austenite. Furthermore, since transformation and plastic deformation can occur simultaneously, it is not a straightforward procedure to extract the individual contributions from experimental data. An additional complication is the lack of single-crystal stress-strain data for the austenitic phase. To overcome these difficulties, the material parameters related to the plastic response of the austenite are calibrated using a stress-strain curve that is assumed to represent a purely elastoplastic behavior (i.e., a curve where the transformation mechanism is momentarily ignored). The curve is assumed to be representative of a randomly oriented polycrystal. Such an ideal uniaxial tension curve is obtained by scaling the elastoplastic stress-strain response of a polycrystalline ferritic matrix (see also Sect. 4). The scaling factor, taken to be 2.4, is established based on the ratio between the microhardnesses of the individual ferritic and austenitic phases, which were determined from nanoindentation tests reported in the literature [12] and extrapolated for a carbon concentration of 1.4 wt.% Subsequently, the present model is applied to simulate an ideal nontransforming, randomly oriented austenitic polycrystal, employing a Taylor-type average with an artificially high transformation barrier to suppress the transformation mechanism in the simulation. Setting q A = 1 for cross-hardening, the remaining parameters for hardening and the plasticity kinetic law are determined by matching the Taylor-type curve and the scaled curve. The calibration procedure also requires the values of the defect energy parameters and the thermal contribution to the plastic driving force. In Table 1 , the parameter β A,0 := β A (t = 0) reflects the initial value of the microscopic strain measure β A . Through (55), this value may be related to a common initial value s A,0 for the slip resistance as follows: s A,0 = β A,0 c A µ A . Furthermore, the equivalent isotropic shear moduli µ A and µ M of the austenite and martensite are calculated by matching the eigenvalues of the corresponding isotropic stiffness tensors to those of the anisotropic stiffness tensors C A and C (α) in (39); see [30] for more details on this procedure. The parameter ω A appearing in the defect energy (41), the term c A that appears in the evolution of the microstrain (55), and the value φ (i) A of the entropy change per unit slip, see (15) , are not easy to determine. To estimate these values the following heuristic approach is used: (1) ω A is chosen such that the order of magnitude of the defect energy remains a relatively small fraction of the bulk strain energy for a typical range of values of E e and β (see (36) and (41)) and (2) 
the terms c A and φ (i)
A are chosen such that the contributions from the thermal and defect energies to the plastic driving force (i.e., g (i) th and g (46)) are each about 10% of the initial value of the critical resistance against plastic slip. The idea behind the first assumption is that, although the defect energy is not negligible, it is in general not the dominant term in the Helmholtz energy. Similarly, the purpose of the second assumption is to guarantee that, for typical simulations, the dominant term for plastic deformation will be the Schmid stress. Although this procedure has some drawbacks (i.e., the uncertainty in some parameters is significant), it is taken due to the lack of direct measurements of these model parameters at the single-crystal level. Nevertheless, it is assumed that the material parameters related to plasticity (i.e., hardening law, kinetic law, and defect energy) obtained from this calibration procedure, as shown in Table 1 , are representative of the plastic deformation of retained austenite.
Uniaxial tension and compression
The austenitic single-crystal configuration is represented by a cubic sample with sides of length l, which is uniaxially loaded up to an axial nominal strain ε 11 = ±0.12 (tension or compression) using a strain rate of 10 −4 s −1 . The nominal strain tensor is defined as ε := V − I , where V is the left stretch tensor in the polar decomposition of the deformation gradient F . The uniaxial loading condition is realized as follows. On three mutually perpendicular faces of the cubic sample the displacement normal to each of these faces is set to zero, and the normal displacement u 1 at the top surface is prescribed to be
with time t running from 0 to 1200 s. The tangential tractions on these four faces are set to zero, and the two remaining faces are traction-free. Although, due to the anisotropy of the sample, the above loading conditions do not exactly correspond to uniaxial tension (or compression), the deviation from an average uniaxial stress state is found to be small. The austenitic crystal is initially stress-free, and the analyses are performed under isothermal conditions at an ambient temperature of 300 K. Figures 3a, b show the axial Cauchy stress T 11 and the total martensite volume fraction ξ M , given by
which are plotted against the axial nominal strain ε 11 . The curves plotted with thick lines and identified with a case number for each orientation relate to the responses computed with the present elastoplastic transformation [28, 30, 31] that neglects the effect of plasticity in the austenite model, and the curves plotted with thin lines and an asterisk attached to the case number reflect the responses calculated by the elastic transformation model presented in [28, 30, 31] . The latter curves, which are depicted for comparison, ignore the effect of plasticity in the austenite. Although not shown in Fig. 3b , the individual martensitic transformation systems active during transformation are the same for both models.
From Fig. 3a it is observed that for both models the stress-strain responses are composed of three stages, which can be identified by an abrupt change in their slopes, both in tension and compression. Initially the austenite responds elastically until the stress level in the austenite either exceeds the yield stress or the transformation threshold (i.e., when the stress is such that f (α) > f cr in the transformation model without plasticity or when either f (α) > f cr or g
A in the transformation model with plasticity, for some transformation system(s) α or some slip system(s) i). Subsequently, an inelastic (plastic and/or transformation) stage follows, which finally turns back into an elastic stage when the austenite has fully transformed into martensite.
For the sample loaded in the [100] A direction, the responses related to the transformation models with and without plasticity coincide (i.e., curves 1 and 1 * in Fig. 3a) , which indicates that for this crystal orientation plasticity does not occur under uniaxial tension and compression. This feature of the [100] A -loaded sample is due to the transformation developing at a considerably lower stress than the initial yield stress of the austenite. For the [110] A -loaded sample, the elastic response changes into an elastoplastic response when the stress level in the austenite exceeds the initial plastic yield stress for that orientation. In this case, the plastic deformation in the austenite starts before transformation, as indicated by the initial plastic yield stress of curve 2 being lower than the initial transformation stress of curve 2 * (both in tension and compression). A similar situation occurs for the [111] A -loaded sample in tension, although in this case the initial plastic yield stress is considerably lower than the corresponding initial transformation stress (see curves 3 and 3 * ). For the [111] A -loaded sample subjected to uniaxial compression, virtually no transformation occurs, which essentially means that for the grain it is energetically more favorable to deform plastically in the austenitic phase than to transform.
Both the [110] A -and [111] A -loaded samples show that, when the loading is increased beyond the initial yield level, the stress in the austenitic grain predicted by the elastoplastic transformation model increases due to plastic hardening. At a certain stage, the transformation driving force in one or more transformation systems exceeds the critical transformation threshold, and a martensitic transformation is initiated. Although initially the transformation process takes place at a relatively low rate, see Fig. 3b , it gradually starts to dominate the response, as indicated by the appearance of a stress plateau in the stress-strain response. Note that the stress (1) (2) [28, 30, 31] that neglects plasticity in the austenite level at which the martensitic transformation is completed is virtually the same for the transformation models with and without the effect of plasticity in the austenite. In Fig. 3b , the point where ξ M becomes nonzero corresponds to the onset of transformation and the point where ξ M = 1 relates to the completion of transformation. The largest influence of the plastic deformation on the transformation behavior is observed for the [111] A -loaded crystal. In particular, from curves 3 (with plasticity) and 3 * (without plasticity) in Fig. 3b , it can be observed that the plastic deformation in the austenite delays the onset of transformation in tension up to approximately 1.2% axial deformation (versus approximately 0.3% for the case without plasticity) and delays the completion of transformation up to about 6.3% strain (versus approximately 3.3% for the case without plasticity).
Simple shear
The single-crystal austenitic sample is now loaded in simple shear by applying a deformation z =ẑ(x) given in components with respect to the global axes as follows (see also Fig. 2) :
The parameter γ represents the amount of shear, and the shearing rate corresponds toγ = 10 −4 s −1 . The samples are deformed up to γ = 0.15. The results are presented in Fig. 4 by plotting the Cauchy shear stress T 12 and the total martensitic volume fraction ξ M versus the amount of shear γ . As for the uniaxial loading case, the thick curves relate to the present elastoplastic transformation model and the thin curves correspond to the elastic transformation model of Turteltaub and Suiker [28, 30, 31] that neglects plasticity in the austenite. The stress-strain curves shown in Fig.4a for the transformation model without plasticity (curves 1 * , 2 * , and 3 * ) indicate a significantly stiff response. This is due to the fact that the transformation mechanism, which involves volumetric expansion, is not ideally suited to accommodate the imposed deformation in simple shear, which is an isochoric deformation mode. To preserve the (overall) isochoric deformation, a complex internal distribution of elastic strains is required to balance the volumetric expansion due to transformation. Although transformation is not an optimal deformation mechanism for simple shear, it is more favorable than a pure elastic deformation and, consequently, the transformation-only model predicts that transformation does occur, [28, 30, 31] albeit at a relatively slow rate compared to, for example, uniaxial extension (compare curves 1 * , 2 * , and 3 * in Figs. 3b and 4b ).
The transformation rates predicted by the present transformation model with plasticity (curves 1, 2, and 3 in Fig. 4b ) are significantly lower than those predicted by the transformation-only model, which indicates that the inelastic deformation under simple shear is dominated by an (isochoric) plastic deformation in the austenitic phase. Hence, in addition of not being an efficient deformation mechanism under simple shear, the martensitic transformation process is here further suppressed by plastic deformations. As shown in Fig. 4b , at γ = 0.15 the largest volume fraction of martensite observed in the simulations is close to 0.1 for the sample loaded in shear along the [110] A direction. Accordingly, for the crystal orientations and the strain range shown in Fig. 4a , the responses under simple shear obtained with the present elastoplastic transformation model are in fact close to the predictions of a classical elastoplastic model for an FCC single crystal and significantly less stiff than the corresponding curves for the transformation-only model.
Volumetric expansion and contraction
The response of the samples under volumetric expansion is simulated by imposing the deformation z =ẑ(x), given in components asẑ
where λ represents the principal stretch, with λ > 1 for expansion and λ < 1 for contraction. The volume ratio V /V 0 is equal to λ 3 , where V is the current volume and V 0 is the initial volume. The applied deformation rate equalsλ = 10 −4 s −1 . The computational results are presented in Fig. 5 , showing the normal component T 11 of the Cauchy stress tensor (note that T 11 = T 22 = T 33 ) and the total martensitic volume fraction ξ M as functions of the volume ratio V /V 0 . It can be observed that the responses under volumetric expansion and contraction are independent of the crystallographic orientation of the austenitic sample. During volumetric expansion the austenitic sample initially responds elastically, but transforms into martensite when the transformation threshold is reached. The phase transformation occurs at constant stress, as indicated by the stress plateau in Fig. 5 , where all transformation systems α = 1, . . . , M are activated equally and no plastic slip is observed. The absence of plastic slip can be ascribed to the fact that the deviatoric part of the loading is zero. When the transformation is complete, the stress again raises in accordance with the elastic characteristics of the martensitic product phase. In addition, under volumetric contraction neither transformation nor plasticity occurs; the sample remains in the austenitic phase and contracts elastically. The absence of transformation is due to the fact that a martensitic transformation is accompanied by volumetric growth, a mechanism that clearly cannot occur during volumetric contraction.
Stress-strain response of TRIP steel microstructures
In multiphase TRIP steel microstructures, islands of retained austenite are frequently surrounded by ferritic grains. In the present study, the anisotropic elastoplastic response of the ferritic grains will be described by a crystal plasticity model similar to the one used for the FCC austenite. The present formulation is an extension of the model for BCC ferrite presented in [29] , in the sense that the driving force here includes, in addition to the resolved stress, thermal and defect energy contributions.
Most of the formulation of the elastoplastic model for the BCC ferrite can be derived in a similar fashion as for the elastoplastic transformation model for austenite given in Sect. 2, by suppressing the transformation contribution. This can be formally achieved by eliminating the volume fractions as state variables, and setting F tr = I and η tr = 0. Accordingly, the Helmholtz energy of the ferrite, ψ F =ψ F (E e , θ, β F ), can be derived from that of austenite given by (35), using J tr = 1, omitting the surface energy and the latent heat, and replacing ρ 0 , C, h, ω A , µ, β, θ T , and η T by ρ F 0 , C F , h F , ω F , µ F , β F , θ F , and η F , respectively, with the superscript/subscript "F" indicating the ferrite. The mechanical and thermal constitutive relations of the ferrite are analogous to (38), where the stiffness tensor C F of the cubic ferrite is characterized by three independent stiffness coefficients, κ F j , with j ∈ {1, 2, 3}. The evolutions of the slip resistance and the plastic slip occur in analogy with Eqs. (50)-(53).
In addition, the evolution of the microstrain parameterβ F as a function ofγ (i) F is defined in a similar fashion as (56). The asymmetry of slips in the twinning and antitwinning directions, which is typical for a BCC lattice, can be accounted for through the kinetic law (53), by substituting, instead of the classical resistance s (i) F , an "effective" slip resistances 
Here,ã (i) is a coefficient that gives the net effect of the nonglide stress on the effective resistance, andτ (i) F is the nonglide stress of slip system i, given bỹ
Note that the expression for the nonglide stress is formally similar to expression (46) 1 of the resolved stress, with the normal to the nonglide planeñ The mechanical behavior of a TRIP steel is studied considering a microstructural cubic sample composed of an austenitic grain surrounded by six ferritic grains and subjected to uniaxial tension, see Fig. 6 . The loading is applied until a total nominal axial strain of 0.15 is reached. The boundary conditions and loading rate on each face of the cube are similar to those of the single-crystalline austenitic sample, as described in Sect. 3.2. Furthermore, the analyses are performed under isothermal conditions, at an ambient temperature of θ = 300 K. At the onset of loading, the austenite grain is stress-free and occupies approximately 13% of the total domain . The sides of the cubic sample have a length of L = 3 µm and the base of the polyhedral austenitic grain has a square base with a side length of 2 µm (see Fig. 6 ). This characteristic grain size is in close correspondence with average grain sizes reported in experimental works on TRIP steels [12, 27] .
The response of the austenitic region is described by the elastoplastic transformation model presented in Sect. 2, and the material parameters for this model are the same as for the single-crystal computations, see Table 1 . The response of the ferritic grains is simulated by the BCC crystal plasticity model outlined above, and the model parameters are listed in Table 2 . The mass density of the ferrite (in the reference configuration) is taken equal to the one for austenite, i.e., ρ F 0 =7800 kg/m 3 
Nonglide stress coefficientã (i) = 0.12 (62) Defect energy ω F = 7, β F,0 = 0.0056, c F = 0.5 ( 45) 4 , (55)-(57) µ F = 55.0 GPa well as a discussion on the choice of the contributing slip systems for the BCC ferrite lattice can be found in [29] . The elastic properties and the calibration of the model parameters for the plastic behavior are similar to those reported in [29] . Nevertheless, some of the values shown in Table 2 for the hardening law and the plastic kinetic law are different from those given in [29] since the calibration procedure used here is based on a plastic driving force that includes, in addition to the Schmid stress, contributions from the thermal and defect energies (which were not taken into account in [29] ). In that sense, the model parameters related to the thermal driving force and the defect energy are required for the calibration. The parameter β F,0 given in Table 2 represents the initial value of the microscopic strain measure β F . From (55), with A → F, this value may be related to a common initial value s F,0 for the slip resistance as follows: s F,0 = β F,0 c F µ F . The equivalent isotropic shear modulus µ F of the ferrite is calculated through matching the eigenvalues of the corresponding isotropic stiffness tensor to those of the anisotropic stiffness tensor C F ; see [30] for more details. Finally, the values for c F , ω F and φ (i) F were estimated using the same assumptions as those presented in Sect. 3.1 for the austenitic phase.
A single grain of austenite embedded in a matrix of uniformly oriented ferritic grains
The analyses presented in this section refer to the case where the sample in Fig. 6 consists of a single grain of austenite surrounded by six uniformly oriented grains of ferrite. Two crystallographic orientations for the ferritic grains are considered in the simulations such that the global loading direction f 1 corresponds, respectively, to the [100] F and [111] F directions. The subscript "F" indicates that the Miller indices refer to the ferritic lattice basis. Each uniform orientation of the ferritic grains is combined with three orientations of the austenitic grain, which are chosen such that the global loading direction f 1 corresponds, respectively, to the [100] A , [110] A and [111] A directions, where the subscript "A" indicates the local austenitic lattice basis. This leads to a total of six combinations of grain orientations, which will be referred to as cases 1a-c and 2a-c, respectively. Cases 1a, b, and c refer, respectively, to the three orientations of the austenitic grain mentioned Fig. 7 Effective axial stress-strain response (a) and total austenite volume fraction (b) of a sample containing a single grain of retained austenite embedded in a matrix of six uniformly oriented ferritic grains, see Fig. 6 above, each combined with uniformly oriented grains of ferrite for which the global vector f 1 corresponds to [100] F , whereas cases 2a, b, and c refer, respectively, to the three orientations of the austenitic grain combined with uniformly oriented grains of ferrite where f 1 corresponds to [111] F .
The responses for the six cases are depicted in Fig. 7 , which shows the effective axial Cauchy stressT 11 and the effective austenite volume fractionξ A plotted against the effective axial logarithmic strainē 11 . The logarithmic strain tensor is defined as e := ln V , where V is the left stretch tensor. The effective axial Cauchy stressT 11 and the effective axial logarithmic strainē 11 are computed by averaging, respectively, the local axial Cauchy stress T 11 and the local axial logarithmic strain e 11 over the sample volume in the current configuration. Similarly, the effective austenite volume fractionξ A is obtained by averaging the local austenite fraction ξ A , as given by
with respect to the total sample volume in the reference configuration. In (64), A and F represent the domains occupied by the austenitic grain and the ferritic matrix in the reference configuration, respectively. For comparison purposes, the elastoplastic responses of a pure ferritic sample loaded in the [100] F and [111] F directions are also shown in Fig. 7a . Since the ferrite occupies most of the samples' volume (i.e., 87%), the influence of the orientation of the ferritic grains on the stress-strain response is, during the early stages of the deformation, more significant than the influence of the orientation of the austenitic grains. Indeed, as shown in Fig. 7a , the stress-strain curves for cases 1a-c (i.e., samples with a ferritic matrix loaded in the [100] F direction) tend to be clustered initially around the curve for pure ferrite loaded in the [100] F direction. Similarly, the curves for cases 2a-c (i.e., samples with a ferritic matrix loaded in the [111] F direction) tend to be clustered initially around the corresponding curve of a purely ferritic material. Hence, the higher effective yield strength observed in cases 2a-c, in comparison to cases 1a-c, is clearly related to the fact that the ferrite loaded in the [111] F direction is "strong" and the ferrite loaded in the [100] F direction is "weak". The samples with the [100] A -loaded austenite grain and ferritic matrices loaded in the [100] F and [111] F directions (cases 1a and 2a, respectively) initially have a lower effective strength compared to the corresponding benchmark curves of pure ferrite. Hence, the presence of Table 3 Orientations of the ferritic grains expressed in terms of the "323" Euler rotation angles for samples consisting of a grain of retained austenite surrounded by six ferritic grains (see retained austenite initially has a detrimental effect on the effective strength. Nonetheless, at larger deformations the responses show a rapid increase in stress and eventually provide an effective strength that is higher than that of the samples with the [110] A -and [111] A -loaded austenitic grains (see Fig. 7a ). This is because the austenitic grain loaded in the [100] A direction has the highest transformation rate (see Fig. 7b ) and, after full transformation into a relatively stiff martensitic phase, deforms elastically, thereby monotonically increasing the effective strength of the sample. More specifically, at the end of the loading process, the samples with the [100] A -loaded grain contain the highest amount of martensite (about 13% since the austenite has nearly fully transformed into martensite; see Fig. 7b ), and therefore have the highest effective strength. In contrast, the samples with the [110] A -loaded grain at this stage contain the lowest amount of martensite (i.e., about 6% martensite and thus 7% untransformed austenite; see curves 1b and 2b in Fig. 7b ), and consequently have the lowest effective strength of the six loading cases analyzed.
The strength of the samples containing a grain of austenite loaded in the [110] A direction lies either above or below the ferrite-only strength (i.e., cases 1b and 2b, respectively) depending on whether the ferritic matrix is relatively "weak" (case 1b) or relatively "strong" (case 2b). In contrast, over the whole deformation range, the samples with a [111] A -loaded austenite grain (cases 1c and 2c) show a higher effective strength than the corresponding benchmark case of a ferrite-only material. In comparison to the response of single-crystalline austenite loaded under uniaxial tension, the transformation of [110] A -and [111] A -loaded austenitic grains embedded in a ferritic matrix occurs rather slowly (compare cases 1b and 2b in Fig. 7b to case 2 in Fig. 3b as well as cases 1c and 2c to case 3). Observe that, although the plastic deformation in the austenite delays the transformation compared to the transformation-only model, in all single-crystal simulations the transformation is eventually completed within the imposed strain range (i.e., at 12% strain the single crystal has fully transformed for all cases plotted in Fig. 3b ). In contrast, the inclusion-matrix simulations of the [110] A -and [111] A -loaded austenitic grains are far from complete at the end of the simulation. This reduction in the amount of martensite generated can be attributed to two effects: (1) the constraint imposed by the ferritic matrix, which opposes the volumetric expansion and shear from the transforming austenitic grain, and (2) the reduction of the available transformation driving force due to plastic dissipation in the ferritic grains as well as in the untransformed austenite.
A single grain of austenite embedded in a ferritic matrix with multiple orientations
In this section, simulations of a single grain of austenite within a ferritic matrix composed of six grains with different crystallographic orientations are performed. The orientations of the ferritic grains are chosen such that they are evenly distributed in the orientation space constructed by the Euler angles. Similar to the simulations in the previous section, the austenitic grain is loaded either in the [100] A , [110] A , or [111] A direction. In Table 3 , the crystallographic orientations of the ferrite grains are given in terms of the "323" Euler angles. In addition, to study the influence of the spatial distribution of the ferritic grains, two different ferritic matrices are considered, indicated by "MO1" and "MO2" in Table 3 . The matrices MO1 and MO2 are composed of ferritic grains with similar crystallographic orientations, but with the spatial arrangement of the grains being different. The two spatial arrangements of the six ferritic grains, arbitrarily chosen among the 6! = 720 possible combinations, are meant to be illustrative rather than comprehensive. Figure 8a shows the effective axial Cauchy stressT 11 , and Fig. 8b shows the total austenitic volume fraction ξ A , both plotted against the effective axial logarithmic strainē 11 . As can be observed from the figures, the transformation process in the samples with the MO2 ferritic matrix (curves 4a-c) occurs somewhat faster than in the samples with the MO1 ferritic matrix (curves 3a-c), which gives the samples with the MO2 ferritic matrix a slightly larger effective strength (e.g., about 7% higher when comparing cases 3c and 4c at the end Cauchy stress T 11 Fig. 8 Effective axial stress-strain response and total austenite volume fraction of a single grain of retained austenite embedded in a matrix of ferritic grains with multiple orientations of the loading process). As for the matrix of uniformly oriented grains, during the first stage of deformation the highest effective strength relates to the samples with a [111] A -loaded austenitic grain (cases 3c and 4c), followed by the samples with a [110] A -loaded austenitic grain (cases 3b and 4b), and the samples with a [100] A -loaded austenitic grain (cases 3a and 4a). At the final stage of deformation a rapid increase of the effective hardening is found for the samples with a [100] A -loaded austenitic grain, which is related to the large amount of martensite present in these samples. The results further indicate that the effect of the orientation of the austenitic grain on the overall response is qualitatively the same for the MO1 and MO2 matrices.
Comparing the curves shown in Figs. 7a and 8a, for all austenitic grain orientations and throughout the strain range analyzed, it can be observed that the responses of the samples with an austenitic grain embedded in a uniformly oriented matrix loaded in the [111] F direction are characterized by a higher strength compared to the responses of the samples where the austenitic grain loaded in the corresponding direction is embedded in a multiply oriented ferritic matrix. Similarly, the austenite with a uniformly oriented matrix loaded in the [100] F direction has a lower strength compared to the corresponding austenite embedded in a multiply oriented ferritic matrix.
In terms of the evolution of the volume fractions of austenite presented in Fig. 8b , the samples with a [100] A -loaded austenitic grain show a nearly complete transformation at the end of the deformation. In contrast, the transformation rates are relatively low for the samples with austenitic grains loaded in the [110] A and [111] A directions. Correspondingly, at the end of the loading process, only a small percentage of austenite has transformed into martensite for those orientations. Averaging the final amounts of untransformed austenite for all orientations shown in Fig. 8b leads to an average reduction of austenite of about 40%. This value is assumed to be representative for a polycrystalline sample and is within the experimental range of 25-50% measured for polycrystalline TRIP steel samples at a similar axial strain level [17] . In comparison, the elastic transformation model presented in [28] [29] [30] [31] , which ignores plastic deformations in the austenitic phase, predicts a near-complete transformation for comparable samples at about 0.1 axial strain. This illustrates the importance of accounting for plastic deformations in the austenite in order to achieve more accurate predictions of the transformation evolution.
Concluding remarks
A micromechanical model that can be used to describe the elastoplastic transformation behavior of austenitic grains in multiphase TRIP steels has been developed. The model combines the martensitic phase-transformation model developed by Turteltaub and Suiker [28, 30, 31] with an FCC single-crystal plasticity model, where the coupling occurs by means of a thermodynamically consistent formulation within a large-deformation framework. The incorporation of crystallographic information allows the thermomechanical responses of singlecrystal austenitic samples to be studied in detail. The simulations of elementary loading cases for single-crystal austenitic samples show a strong interaction between phase transformation and plasticity processes. In uniaxial tension and compression, the plastic deformation in the austenite generally delays the transformation process, where the magnitude of the delay depends on the crystallographic orientation of the sample. Nonetheless, for all cases considered, the austenite completely transformed into martensite at axial deformations less than 12 %. In contrast, under simple shear loading, most of the deformation is due to the development of plasticity in the austenite, and only a relatively small amount of austenite transforms into martensite. Under volumetric expansion, the only inelastic mechanism is transformation, whereas under volumetric contraction neither plasticity nor transformation is observed.
In order to study the mechanical response of TRIP steel microstructures, in addition to the model for the austenitic phase, a single-crystal plasticity model for the ferritic phase was implemented. This model includes the effect of nonglide stresses in order to capture the asymmetric yield response of the BCC ferritic phase in the twinning and antitwinning directions. Several TRIP steel microstructural samples were simulated, showing that the mechanical behavior strongly depends on the crystallographic orientations of the individual grains. For a given ferritic matrix, the TRIP steel sample containing a [111] A -loaded austenitic grain shows a higher initial effective strength than samples with an austenite grain loaded in the [110] A or [100] A direction. Nonetheless, the strength of the [100] A -loaded sample eventually becomes higher than that of the [111] Aloaded sample due to a faster transformation into a relatively stiff martensitic phase. The simulations indicate that the transformation process is delayed due to the constraining effect of the ferritic matrix and the dissipation from plastic deformations in the austenitic phase.
